A perfect polynomial over the binary field F 2 is a polynomial A ∈ F 2 [x] that equals the sum of all its divisors. If gcd(A, x 2 − x) = 1 then we call A even. The list of all even perfect polynomials over F 2 with at most 3 prime factors in known. The object of this paper is to give the list of all even perfect polynomials over F 2 with four prime factors. These are all the known perfect polynomials with four prime factors over F 2 .
Introduction
As usual, we denote by F 2 the finite field with two elements {0, 1}. For a polynomial A ∈ F 2 [x], let σ(A) = D|A D be the sum of divisors of A.
We denote also, as usual, by ω(A) the number of distinct prime (irreducible) polynomials that divide A. These two functions are multiplicative, a fact that we shall use without more reference in the rest of the paper. If σ(A) = A, then we call A a perfect polynomial.
The notion of perfect polynomial (over F 2 ) was introduced by Canaday [1] , the first doctoral student of Leonard Carlitz. He studied mainly the case in which gcd(A, x 2 + x) = 1. We may think x 2 + x ∈ F 2 [x] as being the analogue of 2 ∈ Z so that the "even" polynomials are the polynomials with linear factors and the "odd" ones are such that gcd(A, x 2 + x) = 1. Canaday (among other results in [1] ) classifies the even perfect polynomials with three irreducible factors and gives without proof [1, Theorem 11 ] the list of all even perfect polynomials A with ω(A) = 4.
The object of this paper (see Theorem 2.10 ) is to prove Canaday's results in [1, Theorem 11] : The following polynomials are the only even perfect polynomials A ∈ F 2 [x] with ω(A) = 4 prime factors :
2 (x + 1)(x 2 + x + 1) 2 (x 4 + x + 1), C 2 (x) = C 1 (x + 1), C 3 (x) = C 3 (x + 1) = x 4 (x + 1) 4 (x 4 + x 3 + x 2 + x + 1)(x 4 + x 3 + 1), C 4 (x) = x 6 (x + 1) 3 (x 3 + x 2 + 1)(x 3 + x + 1), C 5 (x) = C 4 (x + 1).
Observe that the two latter polynomials are also perfect over F 4 (see [4] ).
The complete list of all even perfect polynomials over F 2 with ω(A) ≤ 4 is then:
in which n > 0 is a positive integer.
In fact this list is the list of all perfect polynomials over F 2 with ω(A) ≤ 4. (see [6] ).
There are only two more known perfect polynomials over F 2 , both even, with ω(A) = 5 and with degree 20, namely:
It may have some interest to know whether or not there are perfect polynomials over F 2 with degree moderately bigger that 20 (so that we may compute them with a computer). These have been investigated [5, Theorem 5.5] (no solutions up to degree 28) in the special case in which all exponents are equal to 2 and the polynomial is odd.
Some useful facts
We denote, as usual by N the set of nonnegative integers. In this section we recall, and we present, some necessary results for the next sections.
First of all, we recall some definitions and lemmata.
Definitions -We define (following Canaday's terminology) as the inverse of a polynomial P (x) of degree m, the polynomial P * (x) = x m P ( 1 x ). -We say that P inverts into itself if P = P * . -A polynomial P is complete if there exists h ∈ N such that:
The following lemma essentially based on a result of Dickson (see proof of [1, Lemma 2] ) is key. Lemma 2.1 i): Let P ∈ F 2 [x] be such that P (0) = 1. We have: (P * ) * = P .
ii): Any complete polynomial inverts into itself. iii): If 1 + x + · · · + x m = P Q, where P, Q are irreducible, then either (P = P * , Q = Q * ) or (P = Q * , Q = P * ). iv): If P = P * , P irreducible and if P = x a (x + 1) b + 1, then:
Proof: i) and ii) are obvious. iii) follows by ii). iv) is the corollary of Lemma 7 in [1] , (that follows from Lemma 2 of ibid.).
and n, m ∈ N such that P is irreducible and σ(
and n, m ∈ N such that P is irreducible and σ( 2k , then h = 4 and k = 1; that is:
The proof of the following lemma in [1] uses the properties i) to iii) in Lemma 2.1:
The following crucial lemma follows from Lemma 2.5 in [4] that says that the number of minimal primes dividing a perfect polynomial is even:
Every even perfect polynomial A over F 2 with ω(A) = 4, is of the form
for some odd prime polynomials P, Q and for some positive integers h, k, l, m.
We provide proofs of the following two lemmata claimed but not proved by Canaday:
Proof: If l = 2 r − 1 and 2n − 1 = 2 s − 1, then put:
We can write:
Since u − 1 ≥ 2 is even, we have by Lemma 2.3:
If l is even, then by the same argument, deg(Q) < deg(P ). It is impossible. So l is odd. We can write:
Since v − 1 ≥ 2 is even, we have by Lemma 2.3:
It is impossible.
2
Lemma 2.9 (Lemma 11 in [1] ) Let P = Q be two odd polynomials in
m and m = n.
Proof: We can write:
So, P divides Q + 1 and P 2 does not. Thus,
Since σ(A) = A, we obtain:
-If h and k are even, then by lemma 2.3:
Therefore, we must have:
We are done.
-If h and k are both odd, then by considering exponents of P , we see that it is impossible.
-If h is even and k odd, then by considering exponents of Q, we must have:
Put: k + 1 = 2 r u, where u is odd.
We have:
-If γ = 0, then we are done.
-If γ = 1 and δ = 0, then u − 1 ≥ 2 and n = 1. Thus, by considering exponents of P , we get:
Furthermore, we can write:
So, l must be equal to 2, and then r = 1, a = 3, h = 4.
Thus:
It is impossible since Q is irreducible.
-If γ = δ = 1, then by Lemma 2.5, deg(P ) = 2 and deg(Q) = 6. It is impossible since Q = 1 + · · · + P 2l .
-If h is odd and k even, analogous proof.
In the next section we prove our main result:
Theorem 2.10 The complete list of even perfect polynomials over F 2 with 4 prime factors consists of the five polynomials C 1 (x), . . . , C 5 (x).
3 Perfects of the forms:
We may reduce (see lemmata 2.8 and 2.9) our study to the following cases:
Compare with [1, page 733].
Case (a)
Since x and x + 1 do not divide σ(P 2m ), we obtain by Lemma 2.3:
Analogously, σ(Q 2n ) = P.
Therefore, considering degrees, we have:
which is impossible.
Case (e)
It follows that P (respectively Q) must divide Q + 1 (resp. P + 1). So P = Q + 1, which is impossible.
Case (b)
We obtain:
1 + · · · + P 2 n = Q, by Lemma 2.3 and since x, x + 1 do not divide σ(P 2 n ),
Thus, P divides Q + 1 and P 2 does not. So, Q does not divide P + 1. We may write:
The two monomials x and x + 1 do not divide σ(x h ), σ((x + 1) k ). So:
Considering the exponents of P and Q, we have:
(ii)-Case n = 2: We have:
By Lemma 2.5, we have:
So, Q = 1 + · · · + P 4 . It is impossible.
Case h, k odd
Since P divides Q + 1 and P 2 does not, by considering the exponent of P , we see that the equality (1) is impossible.
Case h odd, k even
Put h = 2l − 1 and k = 2r. By Lemma 2.4, we have:
Since P divides Q + 1 and P 2 does not, if b = 1 (resp. a = 0), then the exponent of Q (resp. of P ) in the right hand side is even (resp. odd). It is impossible. So, b = 0 and a = 1. Therefore:
By Lemma 2.6,
(i)-Case P = 1 + x + x 2 : We have k = 2r = 2, and by considering the exponent of x + 1 we get:
We obtain the polynomial C 1 (x), and by Lemma 2.2, we get the polynomial C 1 (x + 1).
(ii)-Case P = 1 + x 3 + x 4 : We have:
By considering the exponent of x + 1, we have:
So, n = 1, and
Case (c)
By Lemma 2.4, we obtain:
We can reduce the work to three cases, since the integers h and k play symmetric roles (by Lemma 2.2).
Case
So, by Lemma 2.5, we obtain:
Since σ(A) = A, by considering the exponent of x + 1, we obtain:
and thus:
Thus, x must divide B = 1 + · · · + P m−1 . So, x + 1 must divide B. It is impossible.
We obtain the same contradiction as in the previous case.
Therefore, the monomials x, x + 1 divide P + 1 and Q + 1. But x 2 (resp. (x + 1)
2 ) does not divide P + 1 (resp. Q + 1). Since σ(A) = A, we have:
In this case, P does not divide Q + 1 and Q does not divide P + 1. We obtain:
Therefore, by relation (2): m = 1 and n = 1.
So, by Lemma 2.6:
We must have:
So,
We get the polynomial C 3 (x), and thus the polynomial C 3 (x + 1) = C 3 (x).
(ii)-Case γ 1 = 0, γ 2 ≥ 1:
The polynomial P divides Q + 1, and by relation (2), the integer γ 2 must be even. So:
In particular, P 2 divides Q + 1.
Furthermore, Q does not divide P + 1. So,
So, by Lemma 2.6, P ∈ {1 + x + x 2 , 1 + · · · + x 4 }.
-If P = 1 + x + x 2 , then 2h = 2, n = 1 and α 2 = 1 (consider the exponents of x in the relation (2)). We can write:
By considering the exponent of P , we have:
and thus: m ≥ 2.
Moreover, the relation (2) becomes:
-If P = 1 + · · · + x 4 , then 2h = 4. We can write:
, where α 2 is odd and u ≥ 1.
By considering the exponent of x in relation (2), we have:
either (n = 2, α 2 = 1) or (n = 1, α 2 ∈ {1, 3}).
Case n = 2, α 2 = 1: By considering the exponent of P , we have:
Moreover, we must have:
Thus, P 2 does not divide Q + 1. It is impossible.
Case n = 1: By considering the exponent of P , we have:
Thus, m − 1 is odd, α 2 = 1. By writing:
We must have: m = 2, u = 1, and k = 5. So,
(iii)-Case γ 1 ≥ 1, γ 2 = 0:
In this case, P does not divide Q + 1, and Q divides P + 1. So, Q = x α 2 (x + 1) + 1.
Therefore, by relation (2): m = 1.
So: (P + 1)(Q + 1)
-If Q = 1 + x + x 2 , then k = 1, γ 1 = 2u = 2 n − 2 is even, and β 1 is odd. We can write:
Considering the exponent of x + 1, we have:
So: n = β 1 = 1.
So: either (n = 1, β 1 = 3) or (n = 2, β 1 = 1).
The first case is impossible since
Case (d)
By considering degrees, we obtain:
If γ 1 = γ 2 = 1, then Q = P + 1. It is impossible. So, γ 1 γ 2 = 0. We have three cases:
In this case, Q (resp. P ) does not divide P + 1 (resp. Q + 1). We may write:
-If 1 + · · · + x 2h = P , then the relation (3) becomes:
It is impossible (consider the exponent of Q).
-If 1 + · · · + x 2h = Q, then the relation (3) becomes:
It is impossible (consider the exponent of P ).
-If 1 + · · · + x 2h = P Q, then by Lemma 2.6:
We get the polynomial C 4 (x) and thus also the polynomial C 5 (x) = C 4 (x+1).
Case
In this case, we may write:
So deg(P ) < deg(Q).
-If 1 + · · · + x 2h = P , then it is impossible as in the above case (consider the exponent of Q).
-If 1 + · · · + x 2h = Q, then:
So, α 2 = 1 and γ 2 is even. By considering the exponent of P , we see that the relation (3) does not hold. It is impossible.
-If 1 + · · · + x 2h = P Q, then by Lemma 2.1, since deg(P ) < deg(Q), the polynomial P (resp. Q) inverts into itself, and P ∈ {1 + x + x 2 , 1 + · · · + x 4 }. Therefore, α 1 = 1 and β 1 ∈ {1, 3} is odd. Thus, by considering the equality:
x(P + 1)(Q + 1) 2 n −1 B 2 P Q = x 2h (x + 1) 2k−1 P 2m−1 Q 2 n −1 , we obtain that the integers α 2 , β 2 and γ 2 must be even. So, Q + 1 is a square. It is impossible by the irreducibility of Q.
3.5.3 Case: γ 1 ≥ 1, γ 2 = 0
The proof is analogous to that of the previous case, by switching P and Q.
-If 1 + · · · + x 2h = Q, then it is impossible (consider the exponent of P ). -If 1 + · · · + x 2h = P , then:
x divides P + 1, x 2 does not, P + 1 = x(x + 1)(1 + · · · + x h−1 ) 2 .
So, α 1 = 1 and γ 1 is even. By considering the exponent of Q, we see that the following equality does not hold:
x(P + 1)(Q + 1) 2 n −1 B 2 P = x 2h (x + 1) 2k−1 P 2m−1 Q 2 n −1 .
-If 1+· · ·+x 2h = P Q, then by Lemma 2.1, since deg(Q) < deg(P ), the polynomial P (resp. Q) inverts into itself, and Q ∈ {1 + x + x 2 , 1 + x + · · · + x 4 }. Therefore, α 2 = 1 and β 2 ∈ {1, 3} is odd. Thus, by considering the equality:
x(P + 1)(Q + 1) 2 n −1 B 2 P Q = x 2h (x + 1) 2k−1 P 2m−1 Q 2 n −1 , the integers α 1 , β 1 and γ 1 must be even. So, P +1 is a square. It is impossible by the irreducibility of P .
This finishes the proof of Theorem 2.10.
